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Abst ract - -We examine a bounded harvest strategy for an ecological system with uncertainty 
appearing in all system parameters. The instantaneous values of those system paraxneters are not 
known except for the bounds of their possible variations. The harvest strategy isrequired to stabilize 
the ecological system at a prescribed esired level. (~) 1999 Elsevier Science Ltd. All rights reserved. 
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I. INTRODUCTION 
In recent years, a lot of research effort has been devoted to the development of stabilizing con- 
trollers for uncertain dynamical systems ubject to control constraints; see, e.g., [1,2] and the 
references cited therein. The establishment of these results not only renders it possible to make 
the modeling of real world problems more realistic, but also enhances the usefulness of these 
models in practical applications. 
In [3], the authors examined an unconstrained harvest strategy which stabilizes the biomass of 
an ecological system about a desired level in the presence of uncertain disturbances. It was pointed 
out that, for practical reasons, the implementable controller (harvest rate) must be nonnegative. 
However, if the initial biomass is small relative to the desired biomass, the proposed unconstrained 
harvest rate might be negative; that corresponds to returning crop rather than taking it! In that 
event, the imposition of zero control (no harvesting) results in no assurance of reaching a biomass 
that is arbitrarily close to the desired level. Similarly, the harvest rate is also not without upper 
limit in the real world. For example, in fishery management problems, among other factors, the 
harvest rate is limited by the size of the fishing fleet. In view of this, a constrained harvest 
strategy is preferred for problems involving management of ecological systems. 
In this paper, we examine an ecological system similar to that discussed in [3] but with har- 
vesting effort as control. Our harvest strategy is based on the results obtained recently by Corless 
and Leitmann [1,2]. Their results assure stabilization with constrained control. Thus, employing 
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their results, a bounded harvest strategy for an ecological system is obtained, overcoming the 
difficulties encountered in [3]. 
2. PROBLEM FORMULATION 
Consider the following model of an exploited ecological system: 
y(t)  = a l ( t )y ( t )  - a2( t )y ( t )  2 - a3( t )y ( t )h ( t ) ,  (1) 
where y(t)  denotes the biomass of the ecological system at time t, y(t) is the time derivative 
of y(t) ,  h(t)  is the harvesting effort, and el(t) ,  a2(t) ,  and a3(t) are time-dependent parameters; 
they are not known to us but are assumed to be of the form 
a,(t) -- a ;  + Ac~,(t), i -- 1, 2, 3 
with the uncertain parts, Aa~(t), i = 1, 2, 3, satisfying 
]Aai(t)l < Aa  i < a~, i = 1,2,3, 
where a~ and Aa, ,  i = 1,2, 3 are known positive constants. On the right-hand side of equa- 
tion (1), the first two terms account for the rate of change of the biomass of the ecological system 
in a natural environment subject o uncertain but bounded isturbances. The last term describes 
the rate of removal of the system due to harvest effort h(t)  by human exploitation. Here, we 
consider the problem of harvesting a renewable natural resource where no replenishment of stock 
is allowed; hence the harvest strategy is restricted to h(t)  > O. We also assume that, for conser- 
ration, economic, or other reasons, it is desired to maintain the biomass of the ecological system 
at a prescribed level y*. In the absence of uncertain disturbances, let h* be the constant harvest 
strategy that corresponds to the prescribed level y* at steady state. Thus from (1), 
O/* * h*= a~-  2Y (2) 
For our subsequent discussion to be meaningful, we require that y* < a~/a~. 
We consider the harvest effort constraint 
0 <_ h(t) < h, 
where h is a prescribed constant and h _> h*. 
Let 
1- 
x( t )  = In y(t)  u(t)  = h(t) - 5h .  y* ' 
Then (1) becomes 1 
a: = al  - a2y* exp(x) - a3h 
or  
= Ax  + Bu  + Be,  
where, for given constant a > 0, A = -a ,  B = -a~,  and 
,{ , .  } e = -a-~3 ax  - a~y* exp(x) + Aa l  - Aa2y* exp(x) + a~ - ~ha 3 - Aa3u - hAa3 . 
1Henceforth, for the sake of brevity, we omit the argument t.
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The above harvest constraint becomes 
_ lh<u< 1- I- 
2 ~h, i.e., [u[ _< ~h. (3) 
The unknown disturbance input e satisfies 
lel _< ko + k~ ([x l ) Iz l  + k2 lul,  (4) 
where 
k0 = -~ ~3 + A~I + ~h ~ + (~ + Ass) ¢ , 
kl (Ix[) = a-~ a + ~ (~ + Aa2) y* lexp(lxl) - 1 [ , 
k2 = ~-~]~Ot 3. 
3. THE CONSTRAINED STABILIZING CONTROLLER 
In this section, we employ the results of [1,2] (see Appendix B) to obtain a nonnegative harvest 
strategy that exponentially stabilizes the uncertain ecological system (1) at the desired level y* 
regardless of the realization of /kai ,  i = 1, 2, 3. 
Let 
u c = pC(x) = -ps  ( -e - la ;px)  - ~ sat (-~'-1a17 (Ixl) Px) ,  (5) 
where 
k0 _ _ l -  
P-- l - k2 '  P= P--  P' -~ = -~ h, 
a + ( l l#)k l ( lX[ )  2 
~(1~1) = 2(1 - k2) ' 
and a and # are two arbitrarily chosen positive numbers. The functions (.) and sat(.), respec- 
tively, are given by 
z, if [z[ < 1, 
z sat(z) = z s(z) = 1 + Iz l '  ~, i f  lzl > 1, 
and the solution of the Riccati equation in Appendix B is 
p = - (a  - a) + x/(a - o02 + Up(O~) s • 0. 
~(~)s 
The positive scalar E is chosen sufficiently small to satisfy 
ac 2 
< k0 ' (6) 
where c is a positive number that satisfies 
< ~. (7) 
2#(1  - k2) 
It suffices to constrain x(0) to A = {x : Px  2 <_ c 2} to ensure exponential convergence of x to 
the neighborhood B(re) = {x : Ixl < re} of the origin where 
[ ]l/s 
r~ = L~=-~(p) j  . 
In the absence of a control constraint, we let u(t) = h(t) so that the terms containing h do not 
occur in k0. The unconstrained control u ~ is given by 
which can be obtained from (5) by replacing the saturation term in (5) by its argument; 
see p,2]. 
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4. SIMULATION RESULTS 
In this section, we report the results of some simulations to demonstrate the salient feature of 
the bounded controller. For comparison purposes, we also present simulation results employing 
the unconstrained control u u = pu (x). 
We select 
a~=2, ~=0.25, ~=0.15, 
/~ I  --- 0.1, Aa  2=0.0125, Ac~ 3=0.0075, h- -2h*,  andy*=2.  
Consequently, h* = 10, h = 20, and ~ = 10. 
For the constrained stabilizing control parameters, we choose a = 1, b -- 5, a = 1, # = 5, and 
= 0.2. It follows that 
k0 8, k1([x[) 6.667 (1 + 0.525 exp(]T~[) - 1 ) = = , k2 = 0.05, 
p=8.42,  /5=1.58, P=2.998.  
For e = 0.0025 and c = 0.41, A = {x : [x I < 0.237} and re = 0.18, and conditions (6) 
and (7) are both satisfied. Thus, for exponential convergence of all state trajectories to the 
neighborhood B(re), it is sufficient hat [x(0)[ < 0.237. 
Simulations were carried out for three realizations of the parameter uncertainties and for four 
initial values of x: 
AOtl(t ) : --AC~I, AOt2(t ) : Aa2, AOt3(t) ----- AC~3; (8) 
AO~ l(t) ---- --AO~ 1 COS 27rt, 
Ac~2(t) = AAa2 (sin 21rt + cos 27rt), (9) 
AaS(t) = "-~2Aa3 (sin 21rt - cos 21rt); 
Aaz(t) : random variable E [ -Aa l ,  AOtl] , 
/\o~2(t) : random variable E [-A--~2, /Xc~2], (10) 
: random var iable e 
and x(0) = ±0.675, x(0) = ±1.5 which correspond to y(0) = 3.93, y(0) = 1.02, y(0) = 8.96, and 
y(0) = 0.45, respectively. To illustrate the conservativeness of .4, these initial values of x do not 
belong to .4, the assured region of attraction. 
Figures la, lb(i),(ii), and lc(i),(ii) correspond to the realizations of the parameter uncertain- 
ties (8). Simulations were done for the two initial states, namely, y(0) = 3.93 and y(0) = 1.02. 
Figure la depicts the time histories of the biomass of the ecological system as a result of employing 
the constant harvesting effort h*. Figure lb(i) shows the time histories of the biomass yC(t) of the 
ecological system due to the constrained stabilizing harvest efforts h c (t) displayed in Figure l b(ii), 
while Figure lc(i) presents the time histories of the biomass yu(t) of the ecosystem as a result of 
utilizing the unconstrained stabilizing harvest efforts hU(t) depicted in Figure lc(ii). Figures 2a, 
2b(i),(ii), and 2c(i),(ii) correspond to the realizations of the parameter uncertainties (9). Simu- 
lations were carried out for two initial states y(0) = 3.93 and y(0) = 1.02. Figure 2a shows the 
time histories of the biomass of the ecosystem as a result of employing the constant harvesting 
effort h*. Figure 2b(i) depicts the time histories of the biomass yC(t) of the ecosystem due to 
the constrained stabilizing harvest efforts he(t) displayed in Figure 2b(ii). Similarly, Figure 2c(i) 
shows the time histories of the biomass y~' (t) of the ecosystem due to employing the unconstrained 
stabilizing harvest efforts h~'(t) of Figure 2c(ii). 
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Figures 3a, 3b(i),(ii), and 3c(i),(ii) correspond to the realizations of the parameter uncertain- 
ties (10). Simulations were done for the two initial states y(0) = 3.93 and y(0) = 1.02. Figure 3a 
depicts the time histories of the biomass of the ecological system as a result of employing the 
constant harvesting effort h*. Figure 3b(i) shows the time histories of the biomass yc(t) of the 
ecological system as a result of utilizing the constrained stabilizing harvest efforts hC(t) displayed 
in Figure 3b(ii). Finally, Figure 3c(i) presents the time histories of the biomass yu(t) of the 
ecological system due to the unconstrained stabilizing harvest efforts hU(t) of Figure 3c(ii). 
Comparing Figures la, 2a, 3a, and 6, we observe that the utilization of the constant harvest 
effort h* is far from satisfactory in stabilizing the biomass of the ecosystem "near" the desired 
biomass, even for /k(~i = 0, i = 1, 2, 3. 
Comparing Figures lb(i),(ii) with Figures lc(i),(ii), Figures 2b(i),(ii) with Figures 2c(i),(ii), 
and Figures 3b(i),(ii) with Figures 3c(i),(ii), we observe that the unconstrained stabilizing harvest 
strategy is able to steer the biomass of the ecosystem slightly faster to the desired level y*. 
However, it violates the requirement that it be nonnegative. Thus, from the practical point of 
view, the constrained stabilizing harvest strategy is preferred. Furthermore, we also observe that, 
although the initial values of x used do not belong to ,4, simulation results still show exponential 
convergence. Thus, the requirement that x(0) belong to ~4, while sufficient, is conservative. 
Figures 4(i),(ii) and 5(i),(ii) correspond to the realizations of the parameter uncertainties (8). 
Simulations were done for the two initial states y(0) = 8.96 and y(0) = 0.45, both of which 
do not belong to A. Figure 4(i) shows the time histories of the biomass yC(t) of the ecological 
system due to the constrained stabilizing harvest efforts hC(t) displayed in Figure 4(ii), while 
Figure 5(i) depicts the time histories of the biomass yU(t) of the ecosystem as a result of utilizing 
the unconstrained stabilizing harvest efforts hU(t) in Figure 5(ii). Again, these simulation results 
still show exponential convergence which indicates the conservativeness of ,4. 
5. CONCLUSION 
Many real world problems concerning the management of natural renewable resources are 
appropriately modeled and formulated as stabilization problems of uncertain dynamical systems 
subject o control constraints. The inclusion of control constraints in the management problems of 
real life systems very often enhances the realistic aspect of the problems and hence the usefulness 
of the results. 
In this paper, we examine the management problem of an ecological system similar to that 
discussed in [3], but with input uncertainty included, and harvesting effort as the control. By 
utilizing the recent results of Corless and Leitmann [1,2] on the design of bounded controllers 
that assure exponential convergence for a class of nonlinear uncertain systems, we obtain a 
bounded harvest strategy which stabilizes the biomass of a single species ecosystem at some 
desired prescribed level in the presence of uncertain but bounded isturbances. This overcomes 
the difficulties encountered in [3]. In fact, the recent results of Corless and Leitmann mentioned 
above permit one to treat multispecies harvesting under uncertainty and with bounded harvesting 
efforts. 
APPENDIX  A 
Consider the system 
= f(t, x(t)), (h.1) 
where t E R, x(t) E R n. For any scalar r >_ 0, the ball of radius r is definedipby B(r) = {x E R n : 
Ilxll _< r}. 
Consider a scalar a > 0 and a set .,4 C R n containing a neighborhood of 0. 
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DEFINITION A.1. System (A.1) is uniformly exponentially convergent to B(r) with rate ~ and 
region of attraction A ff there exists a scalar ~ > 0 such that the following hold. 
(i) Existence of solutions. For each to E R and Xo E A there exists a solution x(.) : [to, tl) --* 
R n, to < t,, of (A.1) with x(to) = Xo. 
(ii) Indefinite extension of solutions. Each solution x(.) : [to, t l )  --~ R n Of (A.1), with 
X(to) E .A, has an extension ~(.) : [to, oo) --, R n, i.e., ~(t) = x(t) for all t E [to, tl) and 
~(.) is a solution of (A.1). 
(iii) Uniform exponential convergence of solutions. I f  x(.) : [to, co) ~ R n is any solution of 
(A.1) with X(to) E ,4, then 
[[x(t)[] _< r +/31[x(to)[ [ exp(-a( t  - to)), Vt _> to. 
DEFINITION A.2. System (A.1) is globally uniformly exponentially convergent to B(r) if it is 
exponentially convergent with R n as a region of attraction. 
APPENDIX  B 
Consider uncertain systems described by 
l 
Jc(t) = Ax(t) + Z [Biui(t) + AFi(t, x(t), u,(t))], (B.1) 
i=1 
where t E R is the time variable, x(t) E R n is the state, and u~(t) E R m', i = 1,...1 are 
control inputs. The terms AFi, i = 1,. . .  l are assumed to be continuous; they represent all 
the uncertainty, nonlinearity, and time-dependence in the system. The constant matrices A 
and Bi, i = 1,. . .  l, are known; they define the nominal system 
•(t) = Ax(t) + Bu(t), (B.2) 
where u = (u l ,u2, . . . ,uz)  T, B = (B1,B2,. . . ,Bt) .  Each control input u~ is subject to the 
constraint Iluill < Pi where the bound Pi > 0 is prescribed. 
Before we state a theorem of [2] on exponential convergence of all closed loop state trajecto- 
ries originating from a bounded region to a neighborhood of the origin with a desired rate of 
convergence and with every control input bounded, we make the following assumptions. 
ASSUMPTION B. 1. The nom_/nal system (B.2) is controllable. 
ASSUMPTION B.2. For each i = 1, 2 , . . . ,  l, there is a function e~ such that/~F~ = Bier. 
ASSUMPTION B.3. For each i = 1,2,. . .  ,l, there exist scalars ko~,k2i with k2i < 1, and a contin- 
uous nondecreasing function ku such that 
Ile,(t,x, udll<ko,+k~(llxll)llxll+k~.dlu~ll, V tea ,  xeR" ,  u, eam' .  
ASSUMPTION B.4. For each i = 1, 2 . . . .  , l, Pi > k0i/(1 - k2i). 
THEOREM B.1. Consider an uncerta/n system described by (B.1) satisfying Assumptions 
B.1-B.4. The bounded control given by 
u~ = p~(x) = -p ,s  (e- l  B~ Px) - "fi, sat (~'(I"y,(IIxH)BT pX) (B.3) 
ensures uniform exponential convergence ofall state trajectories of the dosed loop system 
l 
B c 2(t) = Ax(t) + ~ [ ,pi(x) + Af,(t ,x,p~(x))]  
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tO B(r~) with rate  ~ and region of attraction ,4 = {x E R n : xV Px  <_ c .2} where 
7i(nxll) = a + (l/#)ki~(Hxl]) 2 ko~ 
2(1-k2 i )  , P i=  1 -k2 i '  P ' i=P~-P~,  c*=min{c i ,  i= l ,2 , . . . , l}  
and P is a positive definite symmetric matrix satisfying the Riccati equation 
P (A  + aI )  + (A + a I )T  p -- aPBBT p + #I  = 0 
for a, a, # > O. The functions s(.) and sat(.)  are given by 
z, i f l z l< l ,  
z sat(z) = z 
s(z) - 1 + Izl' ~ ,  if Izl > i. 
The positive scalar e is chosen sufficiently small to satisfy 
Gc .2 
E<E* -- 
ko ' 
where c~ > 0 satisfies 
¢~(~) _< ~, 
¢i(c i )  = 2#(1 - k2,) ' 
Ai = Amax(BT PBi )  t/2, 
A = Amin(P) -1/2. 
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